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Gradient estimate of a Neumann eigenfunction on
a compact manifold with boundary
Jinghen Hu, Yiqian Shi and Bin Xu
Abstract. Let eλ(x) be a Neumann eigenfuntion with respet to the positive Laplaian ∆ on a
ompat RiemannianmanifoldM with boundary suh that ∆eλ = λ
2eλ in the interior ofM and the
normal derivative of eλ vanishes on the boundary ofM. Let χλ be the unit band spetral projetion
operator assoiated with the Neumann Laplaian and f a square integrable funtion on M. We
show the following gradient estimate for χλ f as λ≥ 1: ‖∇ χλ f‖∞≤C
(
λ‖χλ f‖∞+λ−1‖∆ χλ f‖∞
)
,
where C is a positive onstant depending only onM. As a orollary, we obtain the gradient estimate
of eλ: for every λ≥ 1, there holds ‖∇eλ‖∞ ≤ Cλ‖eλ‖∞.
Mathematics Subject Classification (2000): Primary 35P20; Seondary 35J05
Key Words: Neumann eigenfuntion, gradient estimate
1 Introduction
Let (M, g) be an n-dimensional ompat smooth Riemannian manifold with smooth
boundary ∂M and ∆ the positive Laplaian onM. In loal oordinate hart x=(x1, · · · ,xn),
∆ an be expressed by
∆=−
1√
g
∑
i, j
∂xi
(
gij
√
g ∂xj
)
,
where (gij) =
(
gij(x)
)
is the inverse of the metri matrix (gij) =
(
gij(x)
)
= g(∂xi , ∂xj), and√
g =
√
g(x) := det
(
gij(x)
)
. In this paper, we always mean doing the summation from 1
to n when we omit the variation domain of indies. Let L2(M) be the spae of square
integrable funtions on M with respet to the Riemannian density dV =
√
g(x)dx. Let
e1(x), e2(x), · · · be a omplete orthonormal basis in L2(M) for Neumann eigenfuntions
of ∆ suh that 0 = λ21 < λ
2
2 ≤ λ23 ≤ ·· · for the orresponding eigenvalues, where ej(x)
(j = 1,2, . . . ) are real valued smooth funtion on M and λj are nonnegative numbers.
The seond author is supported in part by the National Natural Siene Foundation of China (No.
10671096, No. 10971104), the third author by the National Natural Siene Foundation of China (No.
10601053, No. 10871184). All of the authors are supported in part by the Fundamental Researh Funds
for the Central Universities.
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Also, let ej denote the projetion of L
2(M) onto the 1-dimensional spae Cej. Thus , an
L2 funtion f an be written as f =
∑
∞
j=0 ej(f), where the partial sum onverges in the L
2
norm. Let λ be a positive real number ≥ 1. We dene the unit band spetral projetion
operator (UBSPO) χλ as follows:
χλf :=
∑
λj∈(λ,λ+1]
ej(f) .
We all that this χλ is assoiated with the Neumann Laplaian on M. The orresponding
UBSPO χλ, where we use the same notion, an also be dened for both the Dirihlet
Laplaian on M and the Laplaian on a losed Riemannian manifold.
Grieser [7℄ and Sogge [15℄ proved the following L∞ estimate on χλ assoiated with the
Dirihlet Laplaian,
||χλ f||∞ ≤ Cλ(n−1)/2||f||2 (1)
where ||f||r (1 ≤ r ≤∞) means the Lr norm of the funtion f on M. In the whole of this
paper C denotes a positive onstant whih depends only on M and may take dierent
values at dierent plaes unless otherwise stated. The idea of Grieser and Sogge is to use
the standard wave kernel method outside a boundary layer of width Cλ−1 and a maximum
priniple argument inside that layer. Using their idea, Xu [18℄ proved estimate (1) for the
Neumann Laplaian. On the other hand, Hart F. Smith [14℄ proved a sharp L2 → Lp
estimate for χλ on a losed manifold with Lipshitz metri. As a onsequene, (1) holds
for both the Dirihlet or Neumann Laplaian provided dimM= 2 or 3.
By using the maximum priniple argument and the estimate (1), Xu [17, 18℄ proved
the following gradient estimate on χλ for both the Dirihlet and Neumann Laplaian,
||∇χλf||∞ ≤ Cλ(n+1)/2||f||2 . (2)
Here ∇ is the Levi-Civita onnetion on M. In partiular, ∇f =
∑
j g
ij∂f/∂xj is the gra-
dient vetor eld of a C1 funtion f in a loal oordinate hart (x1, · · · , xn), the square
of whose length equals
∑
i,jg
ij(∂f/∂xi)(∂f/∂xj). One of his motivation is to prove the
Hormander multiplier theorem on ompat manifolds with boundary. Seeger and Sogge
[11℄ rstly proved that theorem on losed manifolds by using the parametrix of the wave
kernel. Duong-Ouhabaz-Sikora [5℄ proved a general spetral multiplier theorem on losed
manifolds by the L2 norm estimate of the kernel of spetral multipliers and the Gaussian
bounds for the orresponding heat kernel. As an appliation, they gave an alternative
proof to the Hormander multiplier theorem on losed manifolds by using the L∞ estimate
(1) of χλ and the heat kernel.
By resaling χλf at the sale of λ
−1
both outside and inside the boundary layer of width
Cλ−1, for χλ assoiated with the Dirihlet Laplaian, the last two authors [13℄ obtained
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by ellipti a priori C1,α estimates the following estimate slightly ner than (2),
‖∇ χλ f‖∞ ≤ C
(
λ‖χλ f‖∞+λ−1‖∆ χλ f‖∞
)
, f ∈ L2(M). (3)
See [13, Remark 1.2℄ for the argument that the above estimate with the help of (1) ould
imply the Dirihlet ase of estimate (2) by Xu. On the other hand, an immediate on-
sequene of our estimate (3) is as follows: there exists a onstant C suh that for eah
Dirihlet eigenfuntion eλ, i.e., ∆eλ = λ
2 eλ in the interior of M and eλ = 0 on the bound-
ary of M, we have ‖∇eλ‖∞ ≤ Cλ‖eλ‖∞. Furthermore, following the idea of Bruning [2℄
and Zeldith [19, Theorem 4.1℄, the last two authors ([13, Lemma 2.2℄) proved a basi
geometry property of nodal sets for Dirihlet eigenfuntions, i.e. as λ suÆiently large,
every geodesi ball with radius C/λ and lying in the interior Int(M) of M must on-
tain at least one zero point of a Dirihlet eigenfuntion with eigenvalue λ2. We all
this the equidistribution property of a non-trivial Dirihlet eigenfuntion, using whih we
obtained a two-sided gradient estimate for a non-trivial Dirihlet eigenfuntion eλ,
C−1λ‖eλ‖∞ ≤ ‖∇eλ‖∞ ≤ Cλ‖eλ‖∞ for all λ≥ 1. (4)
In the paper, we obtain in part the Neumann version of results by the last two authors.
Theorem 1.1. Let f be a square integrable funtion on the ompat Riemannian
manifold (M, g) with boundary ∂M. Let χλ be the UBSPO assoiated with the Neu-
mann Laplaian. Then, for all λ≥ 1 and for all f ∈ L2(M) , there holds
‖∇ χλ f‖∞ ≤ C
(
λ‖χλ f‖∞+λ−1‖∆ χλ f‖∞
)
. (5)
In partiular, letting f = eλ(x) be an eigenfuntion with respet to the positive Neu-
mann Laplaian on M, i.e., ∆eλ = λ
2 eλ in the interior of M and the normal deriva-
tive of eλ vanishes on the boundary of M, we obtain
‖∇eλ‖∞ ≤ Cλ‖eλ‖∞.
Remark 1.1. We shall prove Theorem 1.1 diretly via maximum priniple argument in
Setion 3. It is quite dierent from that of the Dirihlet ase (3) in [13, Setion 3℄, where
the last two authors used the C1,α a priori estimate. Moreover, our maximum priniple
argument in this paper would NOT go through for the Dirihlet ase. Heuristially speak-
ing, we should owe the suess of the maximum priniple in the Neumann ase to
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Fact 1 If a C2 funtion g on the half real line [0, ∞) satises g ′(0) = 0, then the even
extension of g is also C2 on the real line (−∞, ∞).
Our failure of using the maximum priniple argument in the Dirihlet ase is partially due
to
Fact 2 If a C2 funtion h on the half real line [0, ∞) satises h(0) = 0, then the odd
extension of h to the real line (−∞, ∞) is NOT C2 on (−∞, ∞) in general.
Preisely speaking, by Fat 1, we an redue the gradient estimate (5) near the bound-
ary to the interior ase, whih will be proved by the standard maximum argument om-
bined with the frequeny dependent resaling tehnique. However, Fat 2 prevents us
from doing the similar thing for the Dirihlet ase.
Remark 1.2. Theorem 1.1 strengthens the Neumann ase of estimate (2) proved by
Xu [18℄ in the sense that it shows how the gradient estimate on a Neumann eigenfun-
tion depends on its supremum. In partiular, the similar argument as [13, Remark 1.2℄
shows that estimate (5) together with (1) imply the Neumann ase of estimate (2) by Xu
[18℄. However, (2) is strong enough for Xu to prove his Hormander multiplier theorem
assoiated with the Neumann Laplaian on M. The authors' motivation is to prove the
Neumann version of the result of Shi-Xu [13℄.
Remark 1.3. We onjeture that eah Neumann eigenfuntion has the equidistri-
bution property, i.e. every geodesi ball with radius C/λ and lying in the interior
Int(M) of M must ontain at least one zero point of a Neumann eigenfuntion with
eigenvalue λ2. If it were true, then we ould prove the following lower bound estimate
‖∇eλ‖∞ ≥Cλ‖eλ‖∞
by a little modiation of the argument in [13, Setion 2℄. However, the idea of the proof
for the equidistribution property of a non-trivial Dirihlet eigenfuntion in [13, Setion 2℄
did not go through for a Neumann eigenfuntion, beause the restrition of a Neumann
eigenfuntion to one of its nodal domains only satises the mixed Dirihlet-Neumann
boundary ondition in general.
We onlude the introdution by explaining the organization of the left part of this
paper. We use the even extension and the maximum priniple to show Theorem 1.1 (5),
whih implies the upper bound of ∇eλ. We also provide an alternative proof of Theorem
1.1 by the same even extension and the C1,α a priori estimate.
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2 Estimate for gradient of eigenfunction
2.1 Outside the boundary layer
Reall the priniple: On a small sale omparable to the wavelength 1/λ, the
eigenfuntion eλ behaves like a harmoni funtion. It was developed in H. Donnelly and
C. Feerman [3, 4℄ and was used extensively there. In this setion, for a square integrable
funtion f on M, letting χλ be the UBSPO assoiated with the Neumann Laplaian, we
shall give a modiation of this priniple, whih an be applied to the Poisson equation
∆χλ f=
∑
λj∈(λ,λ+1]
λ2j ej(f) in Int(M)
with the Neumann boundary ondition satised by χλf on ∂M. Moreover, in this subse-
tion, we only do analysis outside the boundary layer L1/λ = {z ∈M : d(z, ∂M) ≤ 1/λ} of
width 1/λ.
Take a point p with d(p, ∂M) ≥ 1/λ. We may assume that 1/λ is suÆiently small
suh that there exists a geodesi normal oordinate hart (x1, . . . ,xn) on the geodesi ball
B(p, 1
2λ
) in M. In this hart, we may identify the ball B(p, 1
2λ
) with the n-dimensional
Eulidean ball B( 12λ) entered at the origin 0, and think of the funtion χλf in B(p,
1
2λ) as
a funtion in B( 1
2λ
). Our aim in this subsetion is to show the inequality
|(∇ χλ f)(p)|≤ C
(
λ‖χλ f‖L∞(B( 12λ ))+λ−1‖∆ χλ f‖L∞(B( 12λ ))
)
. (6)
For simpliity of notions, we rewrite u = χλ f and v= ∆χλ f in what follows. The Poisson
equation satised by u in B( 12λ) an be written as
−
1√
g
∑
i,j
∂xi
(
gij
√
g ∂xju
)
= v.
Consider the following resaled funtions
uλ(y) = u(y/λ) and vλ(y) = v(y/λ) in the ball B(1/2).
The above estimate whih we are after is equivalent to its resaled version
|(∇uλ)(0)| ≤ C
(
‖uλ‖L∞(B(1/2))+λ−2‖vλ‖L∞(B(1/2))
)
. (7)
On the other hand, the resaled version of the Poisson equation has the expression,
∑
i,j
∂yi
(
g
ij
λ
√
gλ ∂yjuλ
)
=−λ−2
√
gλ vλ, (8)
where
gij,λ(y) = gij(y/λ), g
ij
λ (y) = g
ij(y/λ) and
√
gλ(y) = (
√
g)(y/λ).
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The last two authors [13, Setion 3.1℄ proved (7) by the interior C1,α estimate (f
Gilbarg-Trudinger [6, Theorem 8.32, p. 210℄) for a seond order ellipti equation of diver-
gene type, where the Cα norm of oeÆients g
ij
λ
√
gλ in the equation are involved. In the
following paragraph, we shall give a dierent and more elementary proof of (7), where we
use the maximum priniple, however, the C0,1 norm of oeÆients g
ij
λ
√
gλ are involved.
Note that the C0,1 norms of gijλ
√
gλ are uniformly bounded for all λ≥ 1.
For simpliity of notions, we set
uλ = φ, h=−λ
−2 √gλ vλ, aij = gijλ
√
gλ, bi =
n∑
j=1
aij
∂yj
.
Then the resaled Poission equation (8) an be written as
Lφ :=
∑
i,j
aij
∂2φ
∂yi∂yj
+
∑
i
bi
∂φ
∂yi
= h, y ∈ B(1/2).
We learned this maximum priniple argument for proving (7) from Brandt [1, p. 95-6℄.
Moreover, we nd that the onstant-oeÆient-assumption there ould be removed. The
idea is to onstrution a new funtion φ1 from φ of n+1 variables and apply the maximum
priniple to φ1. The details are as follows. Dene
φ1(y1, · · · , yn; z1) := 1
2
(
φ(y1+ z1, y2, · · · ,yn)−φ(y1− z1, y2, · · · ,yn)
)
in the (n+1)-dimensional domain
R = {(y1, · · · , yn; z1) : |y| < 1/4, 0 < z1 < 1/4}.
Writing
L1 = L−µ
∂2
∂y21
+µ
∂2
∂z21
(µ > 0),
we observe that, for suÆiently small µ, this new operator is ellipti in the n+1 variables,
and satises
|L1 φ1|= |L φ1|≤ ‖h‖ in R,
where we denote by ‖ · ‖ the L∞ norm in B(1/2). Choose a onstant C suÆiently large
and depending on the L∞ norm of oeÆients aij and bi so that
L(|y|2)≤ 2µC
and introdue the omparison funtion
φ1 :=
1
2µ
‖h‖
(
1
4
z1− z
2
1
)
+16‖φ‖
{
|y|2+ z21+C
(
1
4
z1− z
2
1
)}
.
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Then we have
L1φ1 = −‖h‖+16‖φ‖
(
L(|y|2)−2µC
)
≤ −‖h‖ ≤−|L1φ1| in R
and
φ1 ≥ |φ1| on the boundary ∂R.
Thus, by the weak maximum priniple (f Gilbarg-Trudinger [6, Theorem 3.1, p. 32℄), we
obtain |φ1|≤ φ1. This implies that
1
2
|φ(z1, 0, · · · ,0)−φ(−z1, 0, · · · ,0)| ≤ φ1(0, · · · ,0, z1)
≤ 1
2µ
z1
4
‖h‖+16‖φ‖
(
Cz1
4
+ z21
)
.
Dividing through by z1 and letting z1→ 0 yields the desired estimate∣∣∣∣ ∂φ∂y1 (0)
∣∣∣∣ ≤ 18µ‖h‖+4C‖φ‖. (9)
Therefore, we omplete the proof of (6).
We remark that (6) an also be proved diretly by the above maximum priniple ar-
gument without doing the re-saling. Here we prefer to do the resaling before proeeding
to the maximum priniple argument beause of the following two reasons:
• Re-saling makes the dependene relation of the desired estimate on the eigenvalue λ2
lear and redue the question to the ase of a xed sale.
• It is onvenient for reader to ompare the maximum priniple argument here with the
proof via the ellipti a priori estimate in Shi-Xu [12, 13℄.
2.2 Inside the boundary layer
Using the notions in subsetion 2.1, we are going to prove the following estimate:
|∇u(p0)|≤ C
(
λ‖u‖∞+λ−1‖v‖∞
)
for all p0 ∈ L1/λ, (10)
with whih ombining (6) ompletes the proof of Theorem 1.1.
Sine the boundary ∂M is a ompat sub-manifold in M of odimension 1, we an
take λ suÆiently large suh that there exists the boundary normal oordinate hart on
the boundary layer L3/λ = {p ∈M : d(p, ∂M)≤ 3/λ} with respet to the boundary ∂M (f
Hormander [8, p. 51℄). In partiular, we have the map
B : ∂M× [0, 3/λ]→ L3/λ, (p ′, δ) 7→B(p ′, δ)
7
suh that δ 7→B(p ′, δ), δ ∈ [0, 3/λ], is the geodesi with ar-length parameter normal to
∂N at p ′. Moreover, for eah point (p ′, δ) ∈ L3/λ, we have 0≤ δ≤ 3/λ and
d
(
(p ′, δ), ∂M
)
= δ.
Denote by R(r) the following n-dimensional retangle in Rn sitting at the origin and
having size r,
R(r) =
{
x= (x ′, xn) =
(
(x1, . . . ,xn−1), xn
) ∈Rn : |(x ′, 0)| < r, 0≤ xn ≤ r} .
For a point q on ∂M, denote by Expq at q the exponential map on the sub-manifold
∂M. Sine ∂M is ompat and λ is suÆiently large, we may assume the existene of the
geodesi normal hart for eah metri ball of radius 3/λ on ∂M.
We hoose and x a point p0 in L1/λ, and write p0 = B(q0, δ0), where q0 ∈ ∂M and
δ0 ∈ [0, 1/λ]. We denote by R(q0, 3/λ) the retangle in M sitting at q0 and having size
3/λ,
R(q0, 3/λ) =
{(
Expq0
(x ′), xn)
)
: (x ′, xn) ∈R(3/λ)
}
.
In this way, we identity the retangle R(q0, 3/λ) inM sitting at q0 and ontaining p0 with
the retangle R(3/λ) in Rn. Thus we ould look at u and v as funtions in R(3/λ).
We reall that uλ and vλ are the orresponding resaled funtions of u and v, respe-
tively, i.e.,
uλ(y) = u(y/λ), vλ(y) = v(y/λ) for all y in R(3).
To prove (10), we need only show the following estimate,
|(∇u)(p0)| = |(∇u)(0, δ0)|≤C
(
λ‖u‖
L∞
(
R(3/λ)
)+λ−1‖v‖
L∞
(
R(3/λ)
)) , (11)
whih an be redued to the equivalent resaled version,
|(∇uλ)(0, λδ0)|≤ C
(
‖uλ‖L∞(R(3))+λ−2‖vλ‖L∞(R(3))
)
, 0≤ λδ0 ≤ 1. (12)
where uλ and vλ are the the resaling funtion of u an v, respetively. Observe that uλ is
the solution of the Poisson equation
∑
i,j
∂yi
(
g
ij
λ
√
gλ ∂yjuλ
)
=−λ−2
√
gλ vλ in the interior of retangle R(3) (13)
and satises the Neumann boundary ondition, i.e.,
∂uλ
∂yn
= 0 on the portion {x ∈R(3) : yn = 0} of the boundary ∂R(3).
We shall give two dierent proofs for (12).
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1st proof The idea is to redue, by Fat 1 in the introdution and the even extension,
the question to the interior gradient estimate (7), whih has been proved by the maxi-
mum priniple in the former subsetion. By the geometri property of geodesi normal
oordinate hart with respet to the boundary ∂M, we have
gnn(x ′, xn) = 1 and gjn(x ′, xn) = 0 for j 6= n in R(q0, 3/λ),
whih implies that
gnnλ (y
′, yn) = 1 and g
jn
λ (y
′, yn) = 0 for j 6= n in R(3).
Setting
aij := g
ij
λ
√
gλ for 1≤ i, j≤ n−1, ann :=√gλ
and
bi :=
n−1∑
j=1
∂aij
∂yj
for 1≤ i≤ n−1, bn =
√
gλ
∂yn
,
we an express the Poisson equation (13) as
∑
1≤i, j≤n−1
aij
∂2φ
∂yi∂yj
+ann
∂2φ
∂y2n
+
∑
1≤k≤n
bk
∂φ
∂yk
= h in Int
(
R(3)
)
, (14)
where φ= uλ and h=−λ
−2 √gλ vλ.
Set
S (r) :=
{
y= (y ′, yn) =
(
(y1, . . . ,yn−1), yn
) ∈Rn : |(y ′, 0)| < r, |yn|≤ r} ,
whih is the union of retangle R(r) and its reetion with respet to the hyperplane
{yn = 0}. We denote by ~φ the even extension onto S (3) of the funtion φ dened on
R(3), i.e.,
~φ(y ′, yn) =


φ(y ′, yn) if yn ≥ 0
φ(y ′, −yn) if yn < 0.
We do the even extension to h and the oeÆients aij, ann, bi for 1 ≤ i, j ≤ n− 1, and
denote the orresponding extension funtions on S (3) by
~h, a˜ij, a˜nn, b˜i.
However we do the odd extension to bn,
b˜n(y
′, yn) =


bn(y
′, yn) if yn ≥ 0
−bn(y
′, −yn) if yn < 0.
We shall see soon that the possible disontinuity of b˜n on the portion S (3)∩ {yn = 0}
would not ause any trouble.
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Thus, we obtain the following Poisson equation about
~φ with ontinuous oeÆients
∑
1≤i, j≤n−1
a˜ij
∂2 ~φ
∂yi∂yj
+ a˜nn
∂2 ~φ
∂y2n
+
∑
1≤k≤n
b˜k
∂~φ
∂yk
= ~h in Int
(
S (3)
)
exept that b˜n is bounded and possibly disontinuous on the portion S (3)∩ {yn = 0}. By
Fat 1 in the introdution, whih an be proved by simple alulus omputation, we know
that
~φ is C2 in S (3). The only point whih we should take are of is whether b˜n
∂~φ
∂yn
is an
even ontinuous funtion in S (3) with respet to yn. However, by the extension ~φ of φ
and the Neumann boundary ondition, i.e.,
∂φ
∂yn
= 0 on {yn = 0}∩S (3), ∂~φ∂yn is an odd C1
funtion vanishing on the portion S (3)∩ {yn = 0}. Sine b˜n is a bounded funtion in S (3)
and is odd with respet to yn, b˜n
∂~φ
∂yn
is a ontinuous funtion being even with respet
to yn in S (3). Moreover, b˜n
∂~φ
∂yn
vanishes on the portion {yn = 0}∩S (3). Therefore,
we have redued the proof of (12) to the estimate for
~φ at the interior point (0, δ0λ) of
S (3) similar to (9) in the former subsetion. The fat that the bounded oeÆient bn
is possibly disontinuous on the portion {yn = 0}∩S (3) does not bring us any trouble
of applying the weak maximum priniple. See Gilbarg-Trudinger [6, (3.3), p.31℄ and the
related omments. 
2nd proof The idea is to use the same even extension as above and the interior C1,α
estimate Gilbarg-Trudinger [6, Theorem 8.32, p. 210℄. Denote by ~g the even extension
of the Riemannian metri g on R(3/λ) onto S (3/λ). Then ~g is a Lipshitz metri on
S (3/λ) with C0,1 norm bounded by the C1 norm of g. Denote the even extension of u
and v on S (3/λ) by ~u and ~v, respetively. We laim that ~u is a weak solution of the
following Poisson equation
−
1√
~g
∑
i,j
∂xi
(
~gij
√
~g ∂xj ~u
)
= ~v in Int
(
S (3/λ)
)
.
That is, for eah smooth funtion ψ ompatly supported in Int
(
S (3/λ)
)
, the following
integral equality holds∫
Int
(
S (3/λ)
)∑
i,j
~gij ∂xi ~u ∂xjψ dx=
∫
Int
(
S (3/λ)
) (−~v) ψ dx. (15)
Atually, sine ∂~u/∂xn = 0 on S (3/λ)∩ {xn = 0}, we nd by the Green formula on Rie-
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mannian manifolds and the even extension of u and v,∫
Int
(
S (3/λ)
)
∩{xn>0}
∑
i,j
~gij ∂xi ~u ∂xjψ dx =
∫
Int
(
S (3/λ)
)
∩{xn>0}
∆ ~u ψ dx
=
∫
Int
(
S (3/λ)
)
∩{xn>0}
∆u ψ dx
=
∫
Int
(
S (3/λ)
)
∩{xn>0}
(−v) ψ dx
=
∫
Int
(
S (3/λ)
)
∩{xn>0}
(−~v) ψ dx.
Using the hange of variable xn 7→−xn and the above equality, we obtain∫
Int
(
S (3/λ)
)
∩{xn<0}
∑
i,j
~gij ∂xi ~u ∂xjψ dx=
∫
Int
(
S (3/λ)
)
∩{xn<0}
(−~v) ψ dx,
where we also use gin = 0 for all i 6= n. Summing these two equality yields (15). Reall
that oeÆients ~gij is Lipshitz and ~v is ontinuous on S (3/λ). On the other hand, we
have the resaled version of equation (15), i.e., for eah smooth funtion ψ ompatly
supported in Int
(
S (3)
)
∫
Int
(
S (3)
)∑
i,j
~g
ij
λ ∂yi ~uλ ∂yjψ dx=
∫
Int
(
S (3)
) (−~vλ) ψ dx.
Thus, applying to it the interior C1,α estimate in Gilbarg-Trudinger [6, Theorem 8.32, p.
210℄, we obtain that for every 0 < α < 1,
‖~uλ‖C1,α(S (2)) ≤C
(
‖~uλ‖C0(S (3))+λ−2 ‖~vλ‖C0(S (3))
)
,
whih implied the desire estimate (12). 
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